Abstract. We prove two theorems of reduction of cocycles taking values in the group of diffeomorphisms of the circle. They generalise previous results obtained by the author concerning rigidity for smooth actions on the circle of Kazhdan's groups and higher rank lattices. Subject classification AMS (2000): primary 57S20; secondary 37A20.
Introduction
As a general principle, it should be possible to extend all results involving groups satisfying Kazhdan's property (T) to the setting of cocycles introduced by R. Zimmer (see §1 for definitions). We list below several examples. In all of them, G is a Kazhdan group acting ergodically by measure preserving transformations on a probability space Ω, and α : G × Ω → H is a Borel cocycle taking values in a locally compact topological group H. (a) If the group H is amenable, then α is cohomologous to a cocycle taking values into a compact subgroup of H [24] . This result has been extended in [14] to the case when H satisfies Haagerup's property, i.e. when it is a-(T)-menable (see also [2] ). (b) If H is a Lie group, then α is cohomologous to a cocycle taking values into a Kazhdan subgroup of H [23] . (c) If H is the group of isometries of a real tree, then α is cohomologous to a cocycle taking values into the stabiliser of some point of the tree [1] . This result can be easily extended to the case in which H is the group of automorphisms of a measured wall-space [5] .
In this article we add to the list above the following result.
Theorem A. Let α : G × Ω → Diff 1+τ + (S 1 ) be a Borel cocycle, where τ > 1/2 and G is a compactly generated topological group whose action on Ω is measure preserving and ergodic. Suppose that, for each g ∈ G, the map x → α(g, x) takes values a.e. into a bounded subset of Diff 1+τ + (S 1 ). If G has Kazhdan's property (T), then as a cocycle into Homeo + (S 1 ), α is cohomologous to a cocycle taking values into the group of (euclidean) rotations. a generalisation of this fact into the framework of cocycles. It should be mentioned that a better result is known when G is a Lie group satisfying Kazhdan's property (T). Indeed, using ideas introduced byÉ. Ghys [11] , D. Morris Witte and R. Zimmer proved [17] a similar result in that case for cocycles into Diff 1 + (S 1 ) (and also a partial result for cocycles into Homeo + (S 1 )). The reader which is familiar to ideas and techniques from rigidity theory for lattices in semisimple Lie groups could think that the proof of Theorem A is just a translation of the proof given in [19] to the language of cocycles. Nevertheless, there are several (more than technical) problems which appear in that translation, and this is the main reason that motivated the author to write this article. Similar problems appear when we deal with the higher rank case. For that case we follow essentially the approach of [21] (see also [16] ): our prototype of higher rank group will be a product G = G 1 ×· · ·×G k of k ≥ 2 compactly generated topological groups G i . We will also suppose that G acts on Ω ergodically irreducibly, that is the action of each subgroup
A typical example of this situation is given by the action of G on the quotient G/Γ, where Γ is a lattice in G whose projections into each G ′ i are dense. The following result is inspired by [18] . The precise meaning of its statement will be clarified in §3.
be a Borel cocycle, where G = G 1 ×· · ·×G k is a product of k ≥ 2 compactly generated topological groups and τ > 1/2. Suppose that the G-action on Ω is ergodically irreducicle, and that for each g ∈ G the map x → α(g, x) takes values a.e. into a bounded subset of Diff 1+τ + (S 1 ). If the action of G on Ω × S 1 does not preserve any probability measure, then up to a topological semiconjugacy and a finite cover, α is cohomologous in Homeo + (S 1 ) to a cocycle given by a homomorphism from G into the group of direct homeomorphisms of the circle which factors through one of the G i . Moreover, if each G i is non discrete and almost topologically simple, then the image of this homomorphism coincides with some finite cover of PSL(2, R).
It must be mentioned that Theorem B has a version in class C 1 (and also a partial version in class C 0 ) when G is a higher rank semisimple Lie group without Kazhdan's property (T). This is stated explicitely in [17] , and the proof is based on some of the arguments of [11] .
The plan of this paper is the following. In §1 we recall some definitions and the main technical tools used in the proof of theorems A and B, namely the Cocycle Reduction Lemma (due to R. Zimmer) and the Superrigidity Theorem for Reduced Cohomology (due to Y. Shalom) respectively. In §2 we extend the technique introduced in [19] to the case of cocycles. The main step for the proof of Theorem A is given in §2.5, where we prove that the action of the group of orientation preserving homeomorphisms of the circle on some space of "stable" geodesic currents is smooth (that is, the orbits are locally closed). This is a fundamental fact that must be verified in order to apply cocycle reduction and to finish the proof of Theorem A. Finally, the proof of Theorem B is given in §3.
Remark. Theorems A and B (and also the results from [18] and [19] ) are still true for cocycles taking values in the group of diffeomorphisms of S 1 of slightly lower differentiability class than C 3/2 . However, we will discuss this point only in the Appendix, since the proofs rely on recent developments on property (T) and the geometry of "almost" Hilbert spaces, and are independent of the rest of the paper.
1 Some preliminary facts
Zimmer's Cocycle Reduction Lemma
Let Ω be a Borel space endowed with a probability measure µ and let G be a group acting on Ω and preserving the measure class of µ. A Borel map α : G × Ω → H taking values into a topological group H is called a cocycle if for all g 1 , g 2 ∈ G and a.e. x ∈ Ω,
When H is identified to a group of automorphisms of some space Ω ′ , the fact that a (Borel) map α : G × Ω → H is a cocycle is equivalent to that the map from G into the group of automorphisms of Ω × Ω ′ given by g(x, y) = (g(x), α(g, x)(y)) is a homomorphism.
Two cocycles α and β are cohomologous if there exists a Borel map ϕ : Ω → H such that, for a.e. x ∈ Ω,
When H is the group of automorphisms of a space Ω ′ , a Borel function ψ : Ω → Ω ′ is said to be equivariant if for all g ∈ G one has ψ(g(x)) = α(g, x)ψ(x) for a.e. x ∈ Ω. In what follows we will always suppose that the Borel structure of H is countably generated ( [24] , page 10).
Cocycle Reduction Lemma ( [24] , page 108). Let α : G × Ω → H be a Borel cocycle, G acting ergodically on Ω. Suppose that Ω ′ is a continuous H-space on which the action is smooth (i.e. the orbits are locally closed). If there exists an equivariant function from Ω to Ω ′ , then there is a point y ∈ Ω ′ such that α is cohomologous to a cocycle taking values into the stabiliser H y of y in H.
The proof of this lemma is very simple: it is based on the principle that functions which are constant along the orbits of an ergodic action are essentially constant. In order to apply this principle, it is important to have a good structure for the space of orbits by H in Ω ′ . Actually, R. Zimmer states the lemma only for locally compact groups H, but it is easy to see that this hypothesis is not completely necessary. The essential hypothesis are that the Borel structure of H is countably generated and that the H-action on Ω ′ is smooth. We clarify all of this because we will deal in the sequel with groups of homeomorphisms of the circle, which in general are not locally compact [10] .
Kazhdan's property (T)
Recall that a locally compact topological group G has Kazhdan's property (T) (or to simplify, is a Kazhdan group) if every (continuous) action of G by isometries of a separable Hilbert space has an invariant vector. Actually, this is not the original definition given by D. Kazhdan, but an equivalent one due to J. P. Serre and denoted property (FH). In this direction, one can naturally define property (FH) for actions, and Theorem A will still be true in this more general setting when G fails to be a Kazhdan's group but its action on Ω × S 1 has property (FH). Let us remark that properties (T) and (FH) are also equivalent for actions, and more generally for equivalence relations [2] .
Shalom's Superrigidity Theorem
A continuous action of a locally compact topological group G by isometries of a metric space (X, d) is called uniform if there exist ε > 0 and a compact generating set C of G such that for all x ∈ X there exists g ∈ C satisfying d(g(x), x) ≥ ε. We will be mainly interested in actions by (affine) isometries of a (real) Hilbert space H. Recall that the group of isometries of such a space is the semidirect product between the unitary group and the group of translations. For an isometry A we will denote by θ ∈ U(H) and c ∈ H its unitary and translation component respectively.
Among the remarkable results obtained by Y. Shalom in [21] , for future reference we state here the Superrigidity Theorem for Reduced Cohomology, which will be essential in §3.
Theorem [21] . Let G = G 1 × · · · × G k be a topological group which is the product of k ≥ 2 compactly generated groups G i . If A = θ + c is a uniform isometric action of G on a Hilbert space H, then there exists a non zero vector in H which is fixed by one of the θ(G ′ i ), where
We will also use the following classical lemma, due to P. Delorme [6] .
Lemma. Let A = θ + c be an action of a locally compact topological group G by isometries of a Hilbert space H. If A has no global fixed point and is non uniform, then there exists a sequence (K n ) of unitary vectors in H which is θ-almost invariant, that is for each compact subset C of G the value of sup g∈C θ(g)K n − K n tends to zero as n tends to infinity.
Stable geodesic currents and convergence groups
Recall that a geodesic current on the circle is a Radon measure defined on the space S 1 × S 1 \ ∆ which is invariant by the flip (u, v) → (v, u). (∆ denotes the corresponding diagonal.) We say that such a current ν is stable if
The notion of stable geodesic current was introduced in [19] , where the following proposition was stated without proof. The author is indebted to J. C. Yoccoz for the appointment of the argument below, which simplifies an original one given in a previous version of this paper.
Proposition 1.1. If ν is a stable geodesic current, then the group G ν of (orientation preserving) homeomorphisms of the circle whose diagonal action on S 1 ×S 1 preserves ν is topologically conjugated to a subgroup of PSL(2, R).
Proof. We will prove that G ν has the Convergence Property, that is, each sequence (g n ) in G ν is either equicontinuous or contains a subsequence (g n k ) such that for some points a, b ∈ S 1 one has that g n k (x) tends to b for all x ∈ S 1 \ {a} and that g −1 n k (x) tends to a for all x ∈ S 1 \ {b}. By [4, 9, 12] and [22] , this implies that G ν is topologically conjugated to a subgroup of PSL(2, R).
Let us suppose that (g n ) is a non equicontinuous sequence in G ν . Up to a subsequence, we may assume that there exists a point a ∈ S 1 and two sequences (x n ) and (y n ) converging to this point, such that x n < a < y n < x n for all n ∈ N, and such that g n (x n ) tends to some point x ∞ ∈ S 1 and g n (y n ) tends to some point y ∞ ∈ S 1 , where x ∞ = y ∞ . Let us fix a point u ∈ S 1 different from a. Up to a new subsequence, one can suppose that g n (u) tends to some point b ∈ S 1 . We will prove that (g n ) tends pointwise to this point b ∈ S 1 on S 1 \ {a}. Let us fix a point v ∈ S 1 different from u and a. Let us first suppose that v belongs to the interval ]u, a[. In that case, for n ∈ N large enought one has u < v < x n < y n < u, and since ν is invariant by g ∈ G ν ,
The left hand member of this equality converges to ν([v, a[×]a, u]) = ∞ as n goes to infinity. Thus the right hand member also converges to infinity. But since g n (x n ), g n (y n ) and g n (u) converge to x ∞ , y ∞ and b respectively, and since x ∞ = y ∞ , this implies that g n (v) converges to b. When v belongs to ]a, u[, the same argument applied to the product [u, x n ] × [y n , v] shows that g n (v) still converges to the point b.
A similar argument can be given for the sequence (g −1 n ), showing that G ν has the convergence property. This finishes the proof of the proposition.
The main example of a stable geodesic current is Liouville measure Lv defined by
Other examples can be obtained by noting that stability is preserved by small perturbations. For example, for any function
2 dLv is stable [19] . This kind of measures will be essential in what follows.
2 Reduction for Kazhdan's groups
Passing to the 3-fold covering
The study of actions of Kazhdan groups on the circle is simplified by using a beautiful argument pointed to the author by D. Morris Witte: instead of considering the original action, it is sufficient (and easier) to deal with the induced action of a degree 3 central extension of the group on the 3-fold covering of the circle. However, it is not completely evident how to translate this argument to the setting of cocycles, and we will need to be a little bit careful to do that. The idea will consist on looking directly at an affine isometric action on some Hilbert space associated to this 3-fold covering. (Note that this argument does not appear in [18] or [19] , and it can be used to simplify some proofs therein.)
Let us denote byŜ 1 the 3-fold covering of the original circle S 1 . For each g ∈ G and a.e. x ∈ Ω, the map α(g, x) ∈ Diff 1+τ + (S 1 ) induces 3 diffeomorphismsα i (g, x), i ∈ {1, 2, 3}, ofŜ 1 . Those diffeomorphisms differ each one from the other by an order 3 Euclidean rotation. Remark that in general there is no canonical way to considerα i as a map from G × Ω to Diff 1+τ + (Ŝ 1 ).
Construction of the affine isometric action
Let us first consider the Hilbert space H ′ = L 2,∆ (Ŝ 1 ×Ŝ 1 , Lv) of square integrable real valued functions K that satisfy a.e. the equalities K(u, v) = K(v, u) and
Here is a main point. Even if there is not a well defined action of G on Ω ×Ŝ
1 , one can naturally define the "regular representation" of G on H by letting
Indeed, this definition does not depend on i ∈ {1, 2, 3}. (Here and in what follows, we denote also byα i (g, x) the map fromŜ 1 ×Ŝ 1 to itself induced diagonally by the original one ofŜ 1 , and we denote by Jac(α i )(g, x)(u, v) the Jacobian at the point (u, v) of this map.) Lemma 2.1. For each g ∈ G the function c(g) given by
is well defined (i.e. it does not depend on i ∈ {1, 2, 3}) and belongs to the Hilbert space H.
Proof. The fact that c(g) is well defined is clear. On the other hand, the proof of proposition 2.1 in [19] shows that for each g ∈ G and a.e. x ∈ Ω, the map
belongs to H ′ . More precisely, there exists a constant C τ < ∞ such that
Since by hypothesis the map x → α(g, x) takes essentially its values in a bounded subset of Diff 1+τ + (S 1 ), this inequality proves the lemma. Now we have a candidate for an isometric affine action of G on the Hilbert space H, namely A(g) = θ(g) + c(g). The fact that this well defines an isometric action is straightforward to verify.
The field of equivariant stable geodesic currents
When G has Kazhdan's property (T), the isometric action A above has a fixed point K ∈ H, that is θ(g)K + c(g) = K for all g ∈ G. By definition, for all g ∈ G one has a.e. the equality
Since K belongs to H, for a.e. x ∈ Ω the function K x that sends (u, v) to K(x, (u, v)) belongs to H ′ . We will denote by ν x the measure onŜ 1 ×Ŝ 1 given by
As a measure onŜ 1 ×Ŝ 1 \ ∆, it is an a.e. well defined Radon measure. Moreover, by §1.4, the measure ν x is an a.e. well defined stable geodesic current.
Let us denote by SGC(Ŝ 1 ) the space of Radon measures defined onŜ 1 ×Ŝ 1 \ ∆ which are stable, invariant by the flip (u, v) → (v, u), and also invariant by the simultaneous order 3 Euclidean rotation (u, v) → (u + 2π/3, v + 2π/3). The group Homeo + (S 1 ) acts on SGC(Ŝ 1 ): for h ∈ Homeo + (S 1 ) take one of its 3 preimageŝ h ∈ Homeo + (Ŝ 1 ) and for ν ∈ SGC(Ŝ 1 ) define h(ν) as (ĥ ×ĥ) * (ν). By the third property above, this definition is independent of the choice of the preimageĥ.
The reduction of the cocycle
We proved in §2.3 that there exists an equivariant map ψ : Ω → SGC(Ŝ 1 ), namely ψ(x) = ν x (see equality (1)). In §2.5 we will prove that the action of Homeo + (S 1 ) on SGC(Ŝ 1 ) is smooth. Assuming this fact for a moment, we can apply the Cocycle Reduction Lemma to conclude that α is cohomologous in Homeo + (S 1 ) to a cocycle β : G × Ω → H ν , where H ν is the stabiliser of some element ν ∈ SGC(Ŝ 1 ) by the action of Homeo + (S 1 ).
1
Let us denote byĤ ν the degree 3 central extension of H ν . This is a subgroup of Homeo + (Ŝ 1 ) which preserves ν. So, by proposition (1.1),Ĥ ν is topologically conjugated to a subgroup of PSL(2, R). We claim that the action of H ν on S 1 is free. Indeed, if h ∈ H ν fixes one point of S 1 , then one of its preimagesĥ fixes 3 points ofŜ 1 . However, sinceĥ is topologically conjugated to an element of PSL(2, R), this is not possible unlessĥ (and hence h) is the identity.
We conclude that H ν is a subgroup of Homeo + (S 1 ) whose action is free and whose degree 3 central extension is topologically conjugated to a subgroup of the Möebius group. This is not possible unless H ν is topologically conjugated to a group of Euclidean rotations. Modulo the proof of the smoothness of the action of Homeo + (S 1 ) on SGC(Ŝ 1 ), this finishes the proof of Theorem A.
The smoothness of the action of Homeo
At first glance, this fact should seem rather surprising. For instance, it is easy to see that the action of Homeo + (S 1 ) on the space of probability measures of the circle is not smooth. However, we will see that the stability property of the measures involved in our case are at the origin of many rigidity phenomena. For the proof of the smoothness of the action of Homeo + (S 1 ) on SGC(Ŝ 1 ), let us fix a sequence (h n ) in Homeo + (S 1 ) and an element ν ∈ SGC(Ŝ 1 ) such that ν n = h n (ν) tends to some ν ∞ ∈ SGC(Ŝ 1 ). We have to prove that there exists h ∈ Homeo + (S 1 ) such that h(ν) = ν ∞ . To do that, it suffices to prove that the sequences (h n ) and (h −1 n ) are both equicontinuous. Indeed, in that case, any limit h of a subsequence (h n k ) of (h n ) such that (h −1 n k ) also converges will be an element of Homeo
Suppose by contradiction that (h n ) is not equicontinuous and for each n ∈ N fix a preimageĥ n ∈ Homeo + (Ŝ 1 ) of h n . By passing to a subsequence if necessary, we may assume that there exist ε > 0 and two sequences of points (u n ) and (v n ) inŜ 1 such that 2π/3 > d(u n , v n ) ≥ ε for all n ∈ N and such that d(ĥ
n (v n )) converges to zero as n goes to infinity. Again, by passing to a subsequence if necessary, we can suppose that x n =ĥ −1 n (u n ) and y n =ĥ −1 n (v n ) both converge to the same limit point z ∈Ŝ 1 , and that u n (resp. v n ) converges to some point u ∞ (resp. v ∞ ) in such a way that 2π/3 > d(u ∞ , v ∞ ) ≥ ε. Let us denote byx n ,x n ,ȳ n ,ȳ n , etc, the points obtained from x n , y n , etc, by Euclidean rotations of order 3.
For all n ∈ N one has
For each k ∈ N let us fix 4 points
Since this is true for all k ∈ N, one obtains
However, the right hand term of equality (2) tends to
, and the value of this expression is finite. (Recall that ν ∞ is a Radon measure on S 1 ×Ŝ 1 \ ∆.) This contradiction finishes the proof of the equicontinuity of (h n ). A similar argument allows to show the equicontinuity of (h −1 n ), concluding the proof of the smoothness of the action of Homeo + (S 1 ) on SGC(Ŝ 1 ).
The higher rank case
The proof of Theorem B is obtained by putting the affine isometric action A of previous paragraphs into the context of §1.3. The case in which this action has a global fixed point was ruled out in §2. If this is not the case but the action is non uniform, then we are in the "degenerated case", and we can apply Delorme's Lemma. Finally, in the uniform case, we will use Shalom's Superrigidity Theorem.
The degenerated case
Associated to the cocycle α : G × Ω → Diff 1+τ + (S 1 ), τ > 1/2, let us consider the affine isometric action A on the Hilbert space H. The arguments in §2 show that if this action has an invariant vector K ∈ H, then α is cohomologous in Homeo + (S 1 ) to a cocycle taking values in the group of Euclidean rotations.
Let us suppose now that there is no invariant vector for A but this action is not uniform. By Delorme's Lemma, there exists a sequence (K n ) of unitary vectors in H such that for all g ∈ G one has lim n→+∞ θ(g)K n − K n = 0. For each n ∈ N let us consider the probability measurem n on Ω ×Ŝ 1 defined by
Up to a subsequence, one can suppose thatm n tends to some limitm. This measurê m induces a probability measure m on Ω × S 1 by projection Ω ×Ŝ 1 → Ω × S 1 , and a straightforward computation shows that m is invariant by the skew action of G.
The uniform case
If the affine action A is uniform, then Shalom's Superrigidity Theorem gives the existence of some index i ∈ {1, . . . , k} such that the space H i of θ(G Each non zero function K ∈ H i gives rise to an almost everywhere defined family of finite measures on the fibers over each point x ∈ Ω. Indeed, denoting by π :Ŝ 1 → S 1 the canonical projection, one can define, for X ⊂ S 1 ,
Let us denote by F i the collection of all families of finite measures obtained from H i by this procedure, and normalised so that
If F i contains only one element, then we obtain a normalised equivariant family of a.e. finite measures on S 1 , and so an invariant probability measure for the skew action of G on Ω × S 1 . Suppose in what follows that F i contains more than one element.
Let us fix an orthonormal basis {K 1 , K 2 , . . .} of H i , and let us definē
This function K ∈ H i gives an element of F i such that the support of µ K,x is "maximal" on the fiber of a.e. x ∈ Ω. Denote by S ′ i and a.e. x ∈ Ω, we have β(g, g ′ (x)) = β(g, g ′ (x))β(g ′ , x) = β(gg ′ , x) = β(g ′ g, x) = β(g ′ , g(x))β(g, x) = β(g, x).
Since G ′ i acts ergodically on Ω, we conclude that β does not depend on the point x ∈ Ω, and thus it is indeed a Borel (hence continuous) homomorphism from G to Homeo + (S 1 K / ∼) factoring through G i . This finishes the proof of the first part of Theorem B.
Suppose now that each G i is non discrete and almost topologically simple (i.e. the closed normal subgroups are compact or cocompact). Recall that each locally compact subgroup of Homeo + (S
